In this paper a statistical method similar to that used by Chandrasekhar and Münch in their most recent analysis of the brightness fluctuations in the Milky Way is used to find the time of relaxation for a star moving through a fluctuating density field. The time required for the star to change its direction of motion significantly because of gravitational interaction with the matter is calculated. The fluctuating density field represents a simplified model of the interstellar medium, and the computed time of relaxation for this case shows that the low-velocity stars can have had their velocities appreciably altered by gravitational interaction with the interstellar medium during 3 X 10 9 years, a result in agreement with that obtained by Spitzer and Schwarzschild.
I. INTRODUCTION
One of the fundamental results of observational astronomy is that the velocities of the stars in the neighborhood of the sun have a fairly smooth frequency-curve with a mean value and a dispersion about it; this frequency curve may be approximated in some sense or other by a Maxwellian distribution.
1 It is hard to believe that the stars originated with a velocity distribution of this type, and the fact that it approximates an equilibrium distribution strongly suggests that some agency has been at work reshuffling the velocities. It is well known that almost any kind of interaction process which changes star velocities will lead eventually to a Maxwellian distribution. More specifically, if the time of relaxation is defined as the time in which a star's velocity is appreciably altered by some interaction process, then after a period several times as long as the relaxation time there will be a reasonable approach to a Maxwellian distribution. Now the first process one would think of as the mechanism for changing the velocities is the gravitational interaction between stars. However, it has long been known that the time of relaxation for this process is of the order of 10 13 years for slow-moving stars in the vicinity of the sun, 2 and therefore it cannot have had any appreciable effect during 3 X 10 9 years. The next process that comes to mind for changing stars' velocities is gravitational interaction between stars and interstellar matter, 3 for the latter is known to have a patchy, uneven distribution. According to all present estimates, the mass of an interstellar cloud is much greater than the mass of a star, so we would expect the clouds to have a much greater gravitational effect than the stars. The problem then is to find whether or not gravitational interaction between stars and interstellar matter can appreciably modify the velocities of the stars in times comparable with 3 X 10 9 years. This problem has been studied by Spitzer and Schwarzschild, 4 who have applied the formulae derived for interactions between stars and stars, by substituting the approximate mass and velocity dispersion of the clouds for the corresponding parameters of the perturbing stars. In their treatment, then, a unit of the interstellar matter is thought of as a large massive cloud, and its effect in changing stars' velocities is calculated as if all its mass were concentrated in a point.
Independently of these authors, work on the same problem had been started here from a somewhat different viewpoint. The interstellar matter is known to have a strongly fluctuating distribution, and the "edges" even of many of the dense clouds we see in Milky Way photographs are not sharply defined. With this point in mind, Chandrasekhar and Münch 5 suggested, in their analysis of the fluctuations in brightness of the Milky Way, an alternative method for describing the interstellar medium. According to their picture, the interstellar matter is distributed continuously, but with a strongly fluctùat-ing density. Thus, instead of treating separate clouds as individual units, one uses on this picture statistical methods derived from the current theories of turbulence to treat the fluctuations in the density field. In particular, they assume that the density anywhere in the interstellar medium can be written in the form p(r) = p + <$p(r), where <$p(r), the density fluctuation, is a chance variable with a mean expectancy zero. However, the mean-square fluctuation in density, ôp 2 , is not equal to zero, and the assumption is made that the correlation in the fluctuations in density at two points n and r 2 , 5p(ri)<$p(r 2 ), is a function only of the distance | ri -r 2 1 between the two points and hence of the form F(\ri -r 2 |). This correlation function defines a scale length, beyond which the correlation is sensibly zero; this scale length is considerably smaller than the dimension that would be assigned to a cloud on the picture of the interstellar matter as distributed in discrete clouds.
5
Using the foregoing description of the interstellar medium proposed by Chandrasekhar and Münch, we shall evaluate the effect of a fluctuating density held on the velocities of stars moving through it.
II. THE METHOD OF CALCULATION
We shall now outline a method by which the time of relaxation for a star moving through a field of density fluctuations can be estimated. First, we calculate the correlation in the gravitational force at two points in the region. Denoting by X t (r) (i = 1, 2, 3) the components of the force per unit mass at a point r, we consider the correlation K t (ri)Kj(r2) of the force components at two different points. On the assumptions of homogeneity and isotropy, 6 the tensor can be expressed in the form Ki{ri) Kjir^) = Aiha , (D where £ = ri -r 2 and Ai and ^4 2 are two scalar functions depending only on the difference I ri -r 2 |. We shall show how A\ and ^4 2 can be expressed in terms of the function F(r) describing the correlation of the density fluctuations. Now we shall eventually be interested in finding the velocity changes of stars in this fluctuating field of densities. However, it is known that, in an infinite medium in which the forces are governed by an inverse-square law, the accelerations are infinite. This is, of course, not physically real but follows from the simplifying assumption that there is an infinite mass present; on account of the very long range of the inverse-square field, only the very distant regions contribute appreciably to this artificial divergence. In treatments of the two-body problem this divergence is avoided by imposing an upper limit to the volume over which contributions to the force on a star are integrated.
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In the present problem this effect of the infinite distribution of mass can be eliminated 6 Ap. 115,103, 1952. 6 H. P. Robertson, Proc. Cambridge Phil. Soc., 36, 209, 1940. 7 See R. S. Cohen, L. Spitzer, Jr., and P. McR. Routly, Phys. Rev., 80, 230, 1950 , for a discussion of this point.
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DONALD E. OSTERBROCK in a very natural way. For we wish to compute the effect of the density fluctuations about the mean density, which is independent of position and therefore has, on account of its symmetry of distribution, no gravitational effect on the star. Now we may assume that there is no net mass in the fluctuation field, that is, that /0p(r)dF = 0.
( 2) This is identically true for any distribution of mass of finite extent, and, by making this assumption, we remove the singularity connected with the infinite distribution of mass. An equivalent form of this assumption is
or, in terms of the correlation function F(jR) ,
Now Chandrasekhar 8 has shown that it is a consequence of the equation of continuity that the value of the foregoing integral over F(R) is constant in time, so that if it is once zero it will always be zero. Furthermore, this integral, which is, in fact, 27r 2 n 0 in his notation, is proportional to the coefficient of k 2 in the expansion of the spectrum of the density fluctuation in the wave-number space {k). Thus the vanishing of this integral simply means that there are no fluctuations as large as the size of the system, which just means that the infinite mass has been eliminated in this way.
Once we have found the force correlation tensor K,(ri)Ay(r2), we can use it to calculate the changes in the velocity of a star passing through the medium. We do this by assuming the star to move, in a first approximation, with constant velocity in a straight line. The perturbations to this motion, caused by the fluctuating density field, are calculated.
This procedure then gives a relation between the changes in the squares of the velocity components and the time during which they change, which is valid for small changes. The time scale resulting from this equation is then the relaxation time desired.
It must be realized, however, that we have used a highly idealized picture of the interstellar medium. For we have, first of all, assumed the distribution of density fluctuations to be, in the mean, homogeneous and isotropic. We have thus specifically ignored the possibility of describing the distribution with height above the galactic plane of the interstellar matter, and its large-scale distribution with respect to the spiral arms. However, it is believed that these are secondary features which can reasonably be omitted in a preliminary investigation of the problem.
A more serious objection is that, in the method of calculation we have described, we are not allowing for the relative motions within the interstellar medium. In a theory in which the interstellar matter is not allowed to move, there can be no reaction on the interstellar matter of the star-interstellar-matter force and hence no possibility for the kinetic energy of a star to change. Furthermore, it is known from the work of Adams 9 that the large interstellar gas clouds have peculiar velocities of the order of 5-10 km/sec, and presumably the dust clouds, whether or not they are identical with the gas clouds, do also.
Nevertheless, we believe that this calculation may be applied to estimate the time of relaxation for stars in the actual interstellar medium, for the following reasons. If one examines the calculations of the time of relaxation for stars interacting with stars, he finds that the time required for the star to change its energy appreciably and the time required for it to change its direction of motion appreciably are both expressed by for-*Proc. R. Soc. London, A, 210, 18, 1951 . * Ap. 109, 355, 1949 mulae of the same form, but with numerical factors which are only slightly different. The dependence of both expressions on the dispersion of velocities of the perturbing stars is very weak, except that no energy is exchanged if they are fixed at rest and that a star suffers no change in energy or direction of motion if they are moving very fast. Hence, in the case of interaction of a star with other stars, the time required for the energy of the star to change appreciably can be found by calculating the time required for its direction of motion to be sensibly changed, assuming the perturbing stars all to be fixed. By analogy we may assume that the same is true for the effect on stars of interaction with the interstellar medium, although the time calculated in this way may be somewhat shorter than the time of relaxation for the energy to change, on account of the large masses of the clouds. This is admittedly a crude procedure; but a complete theory, which would involve a very complicated hydrodynamical problem of the reaction on interstellar matter caused by a passing star, seems at present both impossible on account of its complexity and unjustified on account of our limited knowledge of the interstellar medium. This paper is intended primarily to initiate a new approach to the problem in terms of ideas now being increasingly used in current astronomical theory. We shall apply the result, according to the above arguments, to estimate the time of relaxation for a star moving through the interstellar medium in our galaxy.
III. THE EORCE CORRELATION
The force correlation functions can be found from the density correlation function by integrating over the gravitational attraction of each element of volume. The quantity desired is Ki(0)Kj(zo), and, by the standard arguments of isotropic turbulence, all components with i 7^ j are zero, for they might just as well be positive as negative. Therefore, there are only two force correlation functions to be computed,
and
These are related to the scalars Ai and ^2 in equation (1) 
We take r' and r" as two variables of integration and write down the product of the forces at the two points: K{Ü)K{z¿) =GT/Ôp(r') Lj 3p(r")p-gi ir'dr"
where dr' and dr" stand for the elements of volume for r' and r", respectively, and k is a unit vector in the positive z direction. Now the average desired is where dT r and <1tr are the elements of volume for r and i?, respectively. Figure 1 shows the vectors and the relationships between them that are used in carrying out the integrations.
We shall now reduce the correlation K x {0)K z {z^)/G 2 bp l to a single integral over R. First we take r constant and integrate over R by substituting b = zok -r, which gives iO (0) IU 2") = Gñpífdr r yJdr R F(R) T -.^L .
We shall take, for evaluating the integral over R, a spherical co-ordinate system with b as the axis from which the polar angle 6 is measured, and the plane defined by the 2 axis and b as the plane from which the azimuthal angle is measured. Furthermore, the spherical co-ordinates of b as referred to the xyz axes are polar angle y and azimuthal angle i/'. Therefore, 
To evaluate the double integral, we let x = cos 0, and z = R/bin the range 0 < R < 6, and z -b/Rvn the range b < R < 00 ; we then have
The two integrals over x are easily evaluated by expanding the integrands in a series of Legendre polynomials; in this manner we find that they have the values -2 and 0, respectively. Therefore, /CO p-K dR F(R) R 2 / dd sin 6 (R cos 6 b)
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and so
It is simpler to integrate over b than over r; thus, letting r = zok -b and x = -b x , we have
Again breaking the range of integration into two parts, 0 < ¿> < £ 0 and Zq < b < <*>, expanding in Legendre polynomials, and integrating, we obtain
Since the correlation function appears in the integral over R but not in the integral over b } one further reduction may be made by exchanging the order of integration. This is an elementary integration, which gives
The parallel component force correlation may be evaluated in exactly the same way, and the result is
IV. THE VELOCITY VARIATION
On the assumption that the star moves, in a first approximation, in a straight line (along the z axis), we have the equation of motion,
or, integrating, we have
Fig. 1.-The vectors used in finding the force correlation from the density fluctuation correlation. Since the medium is assumed to be isotropic and homogeneous, the correlation depends only on the distance between the two points, which can therefore be chosen to lie on the z axis. is the force correlation function derived in the previous section. By transforming to the variables x y and x -y and carrying out one integration, we easily obtain the formula
Now for finding (Az> x ) 2 , we have
we have, on changing the order of integration,
It is interesting to notice the behavior of this expression for small s. Since F{R) -* 1. as AE > 0, the limiting form as s -> 0 is IA s)^f~FWRdR.
(28) DONALD E. OSTERBROCK Since 5 = vt, this expresses the usual result that, in any statistically fluctuating motion, (Afl t -) 2 oc for times short in comparison with the time required to pass through an elementary fluctuation. 10 However, to find the change in the star's velocity, we want the limiting form for large values of s corresponding to the times required to pass through several elementary fluctuations. Since the correlation function drops to zero for distances greater than the scale length of the fluctuations, we have Now the correlation function can involve R only in the dimensionless ratio R/r^ where r 0 is the scale length of the density fluctuations, and so may be written as Once again this is the expected result that, for long times, (Az; x ) 2 oc a typical statistical effect.
A similar treatment gives, for the parallel velocity change, According to these results, a star moving through such a fluctuating density field has its velocity at right angles to its original direction of motion increased, while its velocity in the original direction does not change. However, it is obvious that a star moving in a field of fixed density fluctuations, as we are considering here, cannot possibly change its kinetic energy. What happens is that Av z decreases proportionally to t, just enough to keep the kinetic energy constant in the mean. This does not appear from the analysis (see eq.
[22]), because we have made the approximation that the star moves in a straight line and it is just the deviations from the straight line that decrease v z .
V. THE TIME OF RELAXATION
The time scale in which the star's direction of motion is appreciably changed may be found by substituting v 2 for (A^) 2 in equation (35) ; this gives the time of relaxation, T d 16tt 2 G 2 dp 2 r 0 K (30), there must be a range of x in which f(x) < 0, and so the function has a form similar to that sketched in Figure 3 . A density correlation function with a second positive wave beyond the negative wave would be very hard to conceive of physically. For correlation functions like that shown in Figure  / CO ae 2 In ae f{x)dx is always negative.
A simple formula for the density correlation function which satisfies the conditions of the problem is F{R) =(1-^)6-*/'.
